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/ Robust and Regularized Optimal Transport \ / Our Contribution \

* Multiscale algorithm for solving the regularized OT problem

Let x be afeature space, a = };_;a;6y, B =Xj=;B;6y, two weighted point > x10-1,000 speed-up compared with the baseline Sinkhorn algorithm [2].

clouds on y. The robust and regularized optimal transport problem reads:

* GPU implementation with a linear footprint memory (KeOps library)

OT, ,(a,B) 5 [Transport cost} + &.Regularization| 4+ p.Relaxation —~> We scale up to millions of points.
_ - « User-friendly PyTorch interface available
— nelil%}vf}(M@T; C) + eKL(m, a & B) +pKL(71, a) + pKL(7" 1, B) > pip install geomloss and www.kernel-operations.io/geomloss.
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* 3 hyperparameters : ¢, p and the cost € matrix (usually C(x,y) = ~|x — y[*) » Applications to barycenter estimations on track density maps,
and segmentation transfer on brain tractograms.
OT for Label Transfer

Sinkhorn loop - PyTorch backend —— Sinkhorn loo p - PyTorch backend
Sinkhorn loop - KeOps backend S!nkhom _op - Ki
Sinkhorn with €-scaling - PyTorch backend —— Sinkhorn with € -scalin g - PyTorch backend

If the target distribution  is labelled with L classes, the transport plan (7; ;) can

be used as a soft-assignement to transfert the labels on «a:

L one-hot vector of labels in RE
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Fig: Relative error on the entropic OT with respect to computational time, for different backends
\ (PyTorch or Keops) and different strategies. /

B T e et e NI e s S e Label Transfer on Brain Tractograms
Toy data-set of 2D points. ~ Classical OT: Regularized OT: Regularized, unbalanced OT:
Atlas has three coloured ~ ©Ptimal assignment between "Blurs" the transport Introduces a maximum /
wds_ Target is in black.  th€ point clouds, generalizes problem and improve "reach" to discard outliey Original Atlas
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By minimizing EZ’le OT, ,(a, By) with respect to the position x; of a, where «a is the 4 _ g
atlas, we estimate the Wasserstein barycenter of the ;.. Here a and 3, are images /ﬁ%\ =2
and so By= Xi., Bj by, Where [5;, are intensities and 5yj,k the voxel positions. A ®
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- Fig: Label transfer between an atlas (black) and a subject (magenta) using different strategies.

In the last row fibers detected as outliers are shown in dark blue.
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Fig: Linear (left) vs Wasserstein (right) interpolations between 4 images (corners).
The OT interpolation is a cheap way of computing a geometric barycenter.

Each fiber is sampled with 20
points and seen as a point in R°Y

Application on Track Density Maps

Barycenter of 5 track density maps of the left IFOF computed with MrTrix. Left IFOF
were mgnually segmented. Track density maps are 3D probability distributions Unlabelled tractogram
= OT Is a natural tool to study these data. of 1M fibers

Labelled atlas of

800k fibers and

e  &—  800clusters

(from [4])

fiber j with label lab;
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" = argmin OT, ,(a, )

k_> Computed on the whole ¢ J

tractogram in 30 minutes

Subject k

Estimated Wasserstein barycenter

Fig: Some clusters of the atlas (in orange) with their respective segmentations (in light blue) of one
random subject. On the right: comparison of a manual segmentation (in red) vs the segmentation
obained with our method (light blue).
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